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Criteria are given for polynomials of the type A’” + aX3 + bX* + cX + d, to have 
Galois group over any finite number field isomorphic to A,. We use them to 
construct, for every n, infinitely many polynomials with absolute Galois group 
isomorphic to A,,, covering so, the case n even, 4)“, for which explicit equations 
were not known. 
Hilbert, as an application of his famous irreducibility theorem, proved that 
over any finite number field, there exist infinitely many Galois extensions 
with Galois group isomorphic to the symmetric group S, or to the alter- 
nating group A,, for every n (cf. [3]). As far as effective construction of 
equations is concerned, Schur found explicit polynomials with absolute 
Galois group S, for every II [6], and A, for n = 4k and n = 2k + 1 [7, 81. 
Uchida and Yamamoto in [9] and [ 121, respectively, found conditions for 
polynomials of the type X” + aX + b, to have absolute Galois group S, for 
every n. In this paper, extending the methods of [9, 121, we give criteria for 
polynomials of the type X” + ax3 + bX* + cX + d, to have Galois group A, 
over any finite number field. We use then these criteria to construct, for 
every n, infinitely many polynomials of the preceding type with absolute 
Galois group A,,. 
1. CRITERIA FOR POLYNOMIALS OF THE TYPE X” + aX3 + bX* + cX + d 
TO HAVE GALOIS GROUP A,, 
Throughout this section K will denote a finite number field and R its ring 
of integers. If p is a prime ideal of R, we denote by up the valuation of R 
associated to p. 
Let L be a field. We recall that an irreducible polynomial in L[X] is called 
primitive if its Galois group over L is primitive as a permutation group of its 
roots [ 11, Chap. I, Sect. 81. 
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The main results of this section are: 
THEOREM 1.1. Let n be an even integer, n > 2. Let f (X) =X” + bX’ + 
CX + d E R [Xl, bd # 0 be a polynomial satisfying the conditions: 
( 1.1.1) f(X) is irreducible and primitive. 
(1.1.2) c2(n - 1)‘=4bdn(n - 2). 
(1.1.3) (-l)n’2d is a square. 
(1.1.4) If u = -c(n - 1)/2(n - 2)b, there exists a prime ideal p of R 
such that 
(1.1.4a) f(u) E p, c(n - 1) & p. 
(1.1.4b) 3kv,(f(u)). 
Then. the Galois group off(X) over K is isomorphic to A,, . 
THEOREM 1.2. Let n be an odd integer, n > 3. Let f(X) =X" + ax’ + 
bX’ + cX + d E R [X], ad z 0, be a polynomial satisfying the conditions: 
( 1.2.1) f(X) is irreducible and primitive. 
(1.2.2) nf(X)-Xf’(X)=(n-3)a(X-u)2(X-v), u,vEK, ufv. 
(1.2.3) (-l)(n-‘)‘2f ‘(v) is a square. 
(1.2.4) There exists a prime ideal p of R such that 
(1.2.4a) f(u)Ep, n(n-3)adf’(v)@p. 
(1.-b) 3kv,(f(u)). 
Then, the Galois group off(X) over K is isomorphic to A,. 
Remark. If in Theorem 1.2 we assume that b = 0 or c = 0, condition 
(1.2.2) can be very easily computed, since if b = 0 it is equivalent to 
(1.2.5) 4(n - 1)” c3 = -27n*(n - 3) ad2. 
and if c = 0 it is equivalent to 
(1.2.6) 4(n - 2)3 b3 = -27n(n - 3)2 a2d. 
The proof of these theorems is based on a well-known Jordan’s theorem 
about conditions for a permutation group to contain the alternating group: 
PROPOSITION 1.3 ] 11, Theorem 13.31. If a primitive permutation group 
on a set of n letters contains a 3-cycle, then it contains the whole alternating 
group A,. 
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In order to prove that the Galois group of our polynomials contains a 3- 
cycle we use two easy lemmas: 
LEMMA 1 A. Let f(X) E R [X] be a manic irreducible polynomial and let 
L be a splitting field off(X) over K. Let p be a prime ideal of R and let 
f(x)Efpl(X)m’. **- . P,(X)“‘~ (mod. p) be the factorization of f(X) into 
irreducible factors mod. p. Let r = Cm,>, mi a deg(rp,(X)). Then, for every 
prime ideal Sp of L lying over p the inertia group Tg is a subgroup of the 
symmetric group S,. 
Proof: By Hensel’s lemma f(X) factorizes in KD[X] as f(X) = 
f,(X) . SAX), where deg(f,(X)) = r and f,(X) is a separable polynomial 
mod. p. If y, ,..., yn are the roots of f(X) in an algebraic closure of K,, we 
may set 
L,s LK,E K&y, ,..., y,). 
Suppose that y, ,..., yr are the roots off,(X) and denote 
L, = Kp(~l,..., Y,), L, = Kp(yr+ 1 T.--y Y,). 
Since L,/K, is an unramified extension, L, c L kv; hence T, leaves 
Y r+, ,..., y,, fixed, so that TV c S,. 
LEMMA 1.5. Let f(X) E R [X] be a polynomial of degree n. Let u E R be 
such that f(u) # 0. Let p be a prime ideal of R such that k = v&f(u)) > 0 
and that u has the same multiplicity r > 1 as a root off(X) both mod. p and 
mod. pk. If r$k, then p ramifies in any splitting Jeld off(X). 
Proof Let f(X) = CyZO ai(X - u)‘, a,ER, O<i<n, aOan#O. By 
hypothesis we have 
up@,,) = k; u&ail > k l<i<r-1; vp(a,) = 0. 
Newton’s polygon off(X) shows that the characteristic numbers off(X) are 
0 and k/r [ 11. Since r$k, p ramifies in K(a), where a is a root off(X). 
Proof of Theorem 1.1. Let G be the Galois group off(X) over K. By 
(1.1. I), G is a primitive permutation group. It follows from (1.1.2) that 
(1.1.5) nf(X)-Xf’(X)=(n-2)b(X-u)‘. 
Let g(X) = nf(X) - Xf ‘(X). Using the formula of [ 10, Sect. 281,’ the 
discriminant D off(X) can be computed as 
(-l)“‘2D = R(f(X), f ‘(X)) = R(g(X), f ‘(X))/n = (n - 2)n-’ b”-‘f’(u)2/n. 
’ Note that in the formula on p. 87 there is a (-1)“‘“~“‘2 missing. 
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It follows from (1.1.2) and (1.1.3) that (-l)n’2 bn(n - 2) is a square; hence 
D 1’2 E K, so that G is a subgroup of An. By Proposition 1.3 we have only to 
prove that G contains a 3cycle. 
Let L be a splitting field off(X) over K, let p be a prime ideal satisfying 
(1.1.4) and let ‘Q be a prime ideal of L lying over p. Let k = v&f(u)). It is 
clear from (1.1.2) (1.1.4a) and (1.1.5) that u is the only multiple root of 
f(X) both mod. p and mod. pk and with multiplicity 3 in both cases. By 
Lemma 1.4, TV is a subgroup of S, and by (1.1.4b) and Lemma 1.5, T, is 
non-trivial. Since T, c G c A,, we conclude that T, = A 3, thus G contains a 
3-cycle. 
Proof of Theorem 1.2. The discriminant D off(X) is 
(-l)cn-1)‘2D=Rdf(X),f’(X))=R(g(X),f’(X))/n2 
=(n-3)“-‘a n-y(v) f’(u)2/n2, 
which is a square by (1.2.3). The rest of the proof runs like in Theorem 1.1. 
Polynomials of the type X” + bX2 + cX + d cannot be used in the case n 
odd because it is impossible that their discriminant be a square and the 
discriminant of g(X) be zero simultaneously; except when n is an odd square. 
In that case we can proceed as above to prove the following: 
THEOREM 1.6. Let n be an odd square, n > 1. Let f(X) = X” + bX’ t 
cX+dER[X], bd#Obeapolynomialsatisfying(1.1.1), (1.1.2)and(1.1.4). 
Then, the Galois group off(X) over K is isomorphic to A,, . 
2. EFFECTIVE CONSTRUCTION 
In the even case we have: 
THEOREM 2.1. Let n be an even integer, n > 2. Let q be a prime factor 
of n - 1 and let A E Z be such that 2qkA and 
M = 1 + (-1)“” 23n”(n - l)n-l (n - 2)n-’ AZ/q”-’ is not a cube. 
If we set 
b = (-1)“” 22n3(n - 1)2 (n - 2)A2, c = (-1)“” 23n2(n - 2) qA2, 
d = (-1)“” (2qA)2, 
the absolute Galois group of the polynomial f(X) =X” + bX2 + cX + d is 
isomorphic to A,,. 
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Proof: Let us check that this polynomial satisfies the hypothesis of 
Theorem l.l.f(x) has no roots (mod 8); hencef(X) has no roots in Z. Being 
v,(b) > 1, v,(c) = 1 and v,(d) > 1, it is irreducible [2, Theorem 21 and 
primitive [2, Theorem 31. Checking (1.1.2) and (1.1.3) is just a computation. 
In our case, u = -q/n(n - l)(n - 2) and f(u) = u”M. It is clear that 
(M, c(n - 1)) = 1 and since M is not a cube it has a prime factor satisfying 
(1.1.4). 
COROLLARY 2.2. For every even integer n > 2, there exist infinitely 
many polynomials of the type X” + bX2 + cX + d whose absolute Galois 
group is isomorphic to A,,. 
Proof Let N= (-I)” 23n”(n - l)‘-’ (n - 2)n-1/qn-2. The diophantine 
equation 1 + NX3 = Y3 has at most one solution other than the trivial one 
X= 0, Y = 1 [4, Chap. 23, Theorem 51. Hence, except for this possible 
solution, every odd integer A = B3 such that q)iB satisfies the hypothesis of 
Theorem 2.1. 
In the odd case we have: 
THEOREM 2.3. Let n > 3 be an odd integer. Let q be any prime factor of 
n - 2. Let C E Z be any integer such that 41/C, but C is a multiple of the 
other prime factors of (n - 2)(n - 3)(2”-3(3n - 8) - 1). Let 
B = (-I)(“-I”’ 3~5~n-2~3~ _ ~)n-5 qn-3~n-5. 
Let t be a prime integer such that t%2B and (-l)(n-1”2n is a quadratic 
residue mod t. Let A E L be any integer satisfying 
(2.3.1) N = B + tA is a square, 
(2.3.2) (A, tB) = 1, 
(2.3.3) A4 = 2”-3(3n - 8) B + tA is not a cube. 
If we set, 
a = (-1)‘“-“‘2 3(n - 2)(3n - 8) tC*A, 
b = 33n(n - 3)(3n - 8)2 tqC3A 
d = -2234n2(n - 2)(n - 3)(3n - 8)” tq3CSA, 
the absolute Galois group of the polynomial f(X) = X” + aX3 + bX2 + d is 
isomorphic to A,,. 
Proof Let us check that f(X) satisfies the hypothesis of Theorem 1.2. By 
Eisenstein’s criterion applied to the prime t, f(X) is irreducible. By an easy 
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generalization of Furtwlngler’s primitivity criterion 15, Corollary] applied to 
the prime q,f(X) is primitive; in fact, when n - 2 = 3k, the criterion cannot 
be applied for k = 1, 2, but in these cases primitivity is clear since n = 5, 11 
is a prime. Condition (1.2.2) is equivalent in this case to (1.2.6), which is 
clearly satisfied. Now, u = -2(n - 2) b/3(n - 3)~ and u = -u/2. so that 
(-l)cn-“‘2f’(t~) = 34n2(3n - 8)4 q2C4N, 
which is a square by (2.3.1). Computation leads to 
f(u) = -2335n2(3n - 8)4 q3C5M. 
It follows from (2.3.3) that we can take a prime factor p of M such that 
3&(M). By (2.3.2), pjn(n - 3) ad and ~,,(f(u)) = up(M). Finally p%N 
since M-N = B(2”P3(3n - 8) - 1). 
COROLLARY 2.4. For every odd integer n > 3, there exist infinitely many 
pol?womials of the type X” + aX3 + bX2 + d whose absolute Galois group is 
isomorphic to A,,. 
Proof. We have only to find integers A satisfying (2.3.1), (2.3.2) and 
(2.3.3). The diophantine equation 
(2.4. I ) B + tX = Y’, 
has integer solutions since tJiB and B is a quadratic residue mod. t 14, p. 3 1. 
If x,,. y,, is a solution, it is clear that for every r E Z, x,=x, + 2ry, + tr2. 
TABLE 1 
Polynomials of the Type X” + bX’ + cX + d with 
Absolute Galois Group Isomorphic to A,,. for n even. 4 < n & 24 
,I 
3 2’ 3’ 
h --2 3 5? 
P 3 l2 
IO -3? 5 
12 2 3 5 II’ 
I4 -2 3 7 13’ 
16 2 3’ 7 
18 -2 17’ 
20 2 5 19? 
22 -2 3’ 5 11 
24 3 11 23’ 
b c d 
2’ 3 
2’ 3 5 
2‘ 3 7 
2’ 3 5 
2’ 3 5 II 
2‘ 3 7 13 
2A 3 7 
2’ 3 17 
2? 3 5 19 
2’ 3 5 11 
2’ 3 11 23 
3: 
..j 2 
7: 
-3j 
11’ 
-13’ 
3’ j' 
--17! 
IY? 
-.3? 7’ 
23’ 
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TABLE II 
Polynomials of the Type X” + ax’ + bX2 + CX + d with 
Absolute Galois Group Isomorphic to A,, for n odd, 5 < n < 25 
n a b c d 
5 -7 5 I2 0 -I4 52 
1 -2” 5 7 0 25 5’ 1 26 54 
9 0 2’ -2 3 7 23 7 
II -5 11 0 3 11 25 
13 22 13 17 -2’ 5 13 17 24 5 13 17 23 3’ 5 17 
15 -2’5711” 0 24 32 5 11” 25 7 Ill4 
17 22 5 17 26 7 17 0 -2s 5 7 
19 -3 I1 19 0 2 11 19 22 3 11 
21 23 5 7 19 -24 34 5 7 22 3’ 5 7 19 24 3 53 19 
23 -24 II 1719 23 0 2’ 3 5 l7*’ 23 z4 5 11 172’ 
25 0 24 3’ 23 2 5 23 22 
y, = y, + tr are also solutions of (2.4.1). Each I relatively prime with (tB, x,) 
and multiple of all the other factors of tB, provides an A =x, satisfying 
(2.3.2). Finally, only a finite number of these A can fail (2.3.3) since, if N is 
a square and M is a cube, they provide a solution of Y2 = 
X3 + B(1 - 2”-3(3n - 8)) [4, p. 2531. 
Remark. Theorems 2.1 and 2.3 give a common description for all n of 
equations with absolute Galois group A,,, but of course these are not the 
simplest ones. If for a particular n we look for the simplest a, b, c and d 
satisfying the hypothesis of Theorems 1.1 or 1.2 (or Theorem 1.6), we obtain 
much easier polynomials (see Tables I and II below). 
3. SOME EXAMPLES 
In this section we give two tables, one for n even and one for n odd, of the 
simplest polynomials of degree 4 < n < 25 with absolute Galois group A,, 
that can be obtained from Theorems 1.1, 1.2 and 1.6. 
Remark. In order to check the primitivity of the polynomials in Tables I 
and II we have used a further generalization of Furtwangler’s primitivity 
criterion [ 51. 
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